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Context of my 
research

Machine Learning for  
Remote Sensing 

• Challenges

• Labelled training samples 

are…

• Costly to acquire

• Noisy


• Heterogeneous data 
(different sensors, …)


• Temporal aspects 
(satellite constellations) and 
other structural information

Image from esa.int 2
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Why using dedicated matching-based metrics?
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In this talk, I will…

• Introduce distances between structured objects…

• Graphs


• (Sets of) Time Series


• … to be used in machine learning models

4

x = (•, · · · , •)

<latexit sha1_base64="ioQPxhuhb1iDYqj0Pk89P0Q9sY4="></latexit>
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Optimal Transport in a nutshell

Two probability distributions
<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>

c(x, y) : X ⇥ Y ! R
A cost function

5

Bakeries = quantity of breads
<latexit sha1_base64="L+jkWw9pYq785YBWYKvxs6WesD8="></latexit>xiloc: <latexit sha1_base64="re8+7GVEZgzVvXrbvZ0GT8mGMEo="></latexit>aiquantity:

Cafés = demand of breads
<latexit sha1_base64="gx6VGSXlQxP/kysTnsQurubfNHk="></latexit>yjloc:

<latexit sha1_base64="ZP3y0dVG5bNMNUJ3HR2nuV0kbDw="></latexit>

bjdemand:

<latexit sha1_base64="z86IHLDdsgmzD4rubDjvmno1n6M="></latexit>

c(xi, yj)

Distance between bakeries 
and cafés

We want to route all the breads from bakeries to cafés the 
cheapest way

µ =
Pn

i=1 ai�xi

<latexit sha1_base64="1IDMUfKU5X/HvtCopVOBY1QlTxM="></latexit>

⌫ =
Pm

i=j bj�yj

<latexit sha1_base64="N7IWBURCu2IIJUPOb5eAkpIJMkQ="></latexit>
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Kantorovitch formulation

Two probability distributions
<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>

c(x, y) : X ⇥ Y ! R
A cost function

<latexit sha1_base64="rIORSF81u5pCtqBBsv7JlSEpzKE="></latexit>

min
fiœ�(a,b)

m,nq
i,j=1

c(xi, yj)fiij

µ =
Pn

i=1 ai�xi

<latexit sha1_base64="1IDMUfKU5X/HvtCopVOBY1QlTxM="></latexit>

⌫ =
Pm

i=j bj�yj

<latexit sha1_base64="N7IWBURCu2IIJUPOb5eAkpIJMkQ="></latexit>

Optimal Transport in a nutshell

6

http://bit.ly/fair-tav


R. Tavenard - Matching Structured Data - bit.ly/fair-tav 

Kantorovitch formulation

Two probability distributions
<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>

c(x, y) : X ⇥ Y ! R
A cost function

Optimal Transport in a nutshell

7

Set of couplings/
transport plans

<latexit sha1_base64="9h03da8GEsM0OaPDwlPcvi/ttrw="></latexit>

�(a, b) = {fi œ Rn◊m
+ | ’(i, j),

qm
j=1 fiij = ai,

qn
i=1 fiij = bj}

<latexit sha1_base64="rIORSF81u5pCtqBBsv7JlSEpzKE="></latexit>

min
fiœ�(a,b)

m,nq
i,j=1

c(xi, yj)fiij

µ =
Pn

i=1 ai�xi

<latexit sha1_base64="1IDMUfKU5X/HvtCopVOBY1QlTxM="></latexit>

⌫ =
Pm

i=j bj�yj

<latexit sha1_base64="N7IWBURCu2IIJUPOb5eAkpIJMkQ="></latexit>
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Kantorovitch formulation

Two probability distributions
<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>

c(x, y) : X ⇥ Y ! R
A cost function

Optimal Transport in a nutshell
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<latexit sha1_base64="rIORSF81u5pCtqBBsv7JlSEpzKE="></latexit>

min
fiœ�(a,b)

m,nq
i,j=1

c(xi, yj)fiij

How much is shifted 
from         to <latexit sha1_base64="L+jkWw9pYq785YBWYKvxs6WesD8="></latexit>xi

<latexit sha1_base64="gx6VGSXlQxP/kysTnsQurubfNHk="></latexit>yj

µ =
Pn

i=1 ai�xi

<latexit sha1_base64="1IDMUfKU5X/HvtCopVOBY1QlTxM="></latexit>

⌫ =
Pm

i=j bj�yj

<latexit sha1_base64="N7IWBURCu2IIJUPOb5eAkpIJMkQ="></latexit>
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Kantorovitch formulation

Two probability distributions
<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>

c(x, y) : X ⇥ Y ! R
A cost function

Optimal Transport in a nutshell
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<latexit sha1_base64="rIORSF81u5pCtqBBsv7JlSEpzKE="></latexit>

min
fiœ�(a,b)

m,nq
i,j=1

c(xi, yj)fiij

Cost of moving masses 
from         to <latexit sha1_base64="L+jkWw9pYq785YBWYKvxs6WesD8="></latexit>xi

<latexit sha1_base64="gx6VGSXlQxP/kysTnsQurubfNHk="></latexit>yj

µ =
Pn

i=1 ai�xi

<latexit sha1_base64="1IDMUfKU5X/HvtCopVOBY1QlTxM="></latexit>

⌫ =
Pm

i=j bj�yj

<latexit sha1_base64="N7IWBURCu2IIJUPOb5eAkpIJMkQ="></latexit>

http://bit.ly/fair-tav


R. Tavenard - Matching Structured Data - bit.ly/fair-tav 

Kantorovitch formulation

Two probability distributions
<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>

c(x, y) : X ⇥ Y ! R
A cost function

Optimal Transport in a nutshell
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<latexit sha1_base64="rIORSF81u5pCtqBBsv7JlSEpzKE="></latexit>

min
fiœ�(a,b)

m,nq
i,j=1

c(xi, yj)fiij

Total cost

µ =
Pn

i=1 ai�xi

<latexit sha1_base64="1IDMUfKU5X/HvtCopVOBY1QlTxM="></latexit>

⌫ =
Pm

i=j bj�yj

<latexit sha1_base64="N7IWBURCu2IIJUPOb5eAkpIJMkQ="></latexit>
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<latexit sha1_base64="Pv5fam5fOGeQahfJUkFNu4hf1/U="></latexit>

c(x, y) : X ⇥ Y ! R
A cost function

Optimal Transport in a nutshell

11

Two probability distributions

Kantorovitch formulation

xi yj

<latexit sha1_base64="rIORSF81u5pCtqBBsv7JlSEpzKE="></latexit>

min
fiœ�(a,b)

m,nq
i,j=1

c(xi, yj)fiij

<latexit sha1_base64="9h03da8GEsM0OaPDwlPcvi/ttrw="></latexit>

�(a, b) = {fi œ Rn◊m
+ | ’(i, j),

qm
j=1 fiij = ai,

qn
i=1 fiij = bj}

µ =
Pn

i=1 ai�xi

<latexit sha1_base64="1IDMUfKU5X/HvtCopVOBY1QlTxM="></latexit>

⌫ =
Pm

i=j bj�yj

<latexit sha1_base64="N7IWBURCu2IIJUPOb5eAkpIJMkQ="></latexit>
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Matching Structures with Optimal Transport

12

Gromov-Wasserstein distance

F. Memoli

Wasserstein distance

http://bit.ly/fair-tav
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Matching Graphs 
[Vayer et al, ICML’19]

13

Wasserstein distance
min
⇡

X

i,j

dij⇡i,j

<latexit sha1_base64="fCYHiZ6SeWBx4WTsBL0uWBzq5JA="></latexit>

Gromov-Wasserstein distance
min
⇡

X

i,j,k,l

Lijkl⇡i,j⇡k,l

<latexit sha1_base64="p1n5QY0HbKkr85LtmD5Z0dmFm8w="></latexit>

}
}
}
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Matching Graphs 
[Vayer et al, ICML’19]
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}
}
}
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Matching Graphs 
[Vayer et al, ICML’19]
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Wasserstein distance

Gromov-Wasserstein distance

Fused-Gromov-Wasserstein (FGW) distance

min
⇡

X

i,j

dij⇡i,j

<latexit sha1_base64="fCYHiZ6SeWBx4WTsBL0uWBzq5JA="></latexit>

min
⇡

X

i,j,k,l

Lijkl⇡i,j⇡k,l

<latexit sha1_base64="p1n5QY0HbKkr85LtmD5Z0dmFm8w="></latexit>

min
⇡

X

i,j,k,l

[(1� ↵) dij + ↵Lijkl]⇡i,j⇡k,l

<latexit sha1_base64="POw9YR2+Iv2BOp/bziLv6HTZxaI="></latexit>
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Matching Graphs 
[Vayer et al, ICML’19]

http://bit.ly/fair-tav
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Matching Graphs 
[Vayer et al, ICML’19]
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In this talk, I will…

• Introduce distances between structured objects…

• Graphs


• (Sets of) Time Series


• … to be used in machine learning models
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x = (•, · · · , •)

<latexit sha1_base64="ioQPxhuhb1iDYqj0Pk89P0Q9sY4="></latexit>
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Matching Time Series 
Dynamic Time Warping (DTW)

• Elastic similarity measure

• Invariant to time shifts

19

H. Sakoe

A⇡

A⇡

x = (•, · · · , •)

<latexit sha1_base64="ioQPxhuhb1iDYqj0Pk89P0Q9sY4="></latexit>

Explained in blog posts at 
rtavenar.github.io/blog/

http://bit.ly/fair-tav
http://rtavenar.github.io/blog/
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Matching-based metrics 
Time Series vs distributions

20

Wasserstein distance 
      is a map w. fixed marginals

Dynamic Time Warping 
      is a monotonically increasing 

connected path

min
⇡

X

i,j

di,j⇡i,j

<latexit sha1_base64="yO4sFlTc6Ud4xzQUUkWJj7R1ofg="></latexit>

<latexit sha1_base64="ZqESxBiSy3Z/d4il0dTDK82OppY="></latexit>⇡
<latexit sha1_base64="ZqESxBiSy3Z/d4il0dTDK82OppY="></latexit>⇡

A⇡
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Matching Time Series 
softDTW: a differentiable surrogate for DTW

• Soft-min instead of min 
in DTW formulation: 

• Differentiable:  
can be used as a loss


• Gradient descent for

• Barycenter estimation

• Structured prediction

M. Cuturi M. Blondel

21

x = (•, · · · , •)

<latexit sha1_base64="ioQPxhuhb1iDYqj0Pk89P0Q9sY4="></latexit>
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0.0
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a)
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� = 0.3
� = 0.6
� = 1.0

<latexit sha1_base64="TbUgWUiXhyGAQdj2sRKaxl9kalA="></latexit>

min
⇡

�
X

i,j

di,j⇡i,j
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Matching Time Series 
DTW with Global Invariances [Vayer et al, ArXiv’20]

22

x = (•, · · · , •)

<latexit sha1_base64="ioQPxhuhb1iDYqj0Pk89P0Q9sY4="></latexit>
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Matching Time Series 
DTW with Global Invariances [Vayer et al, ArXiv’20]

• softDTW-GI

• Gradient-descent on 

manifold (Stiefel constraints)

• Parametrized family of 

registrations  
(eg. a neural network)

<latexit sha1_base64="4bRnQfUh9UFMFpxdXdlyQvEPi8U="></latexit>

⇡⇤, f⇤ = argmin
⇡,f

X

i,j

d(xi, f(x
0
j))⇡i,j

23

Registration

f⇤ 2 V2,3

x0f⇤(x0)x

⇡⇤, f ⇤ = argmin⇡,f

s X

(i,j)2⇡

d(xi, f(x0j))
2

DTW path ⇡⇤

x = (•, · · · , •)

<latexit sha1_base64="ioQPxhuhb1iDYqj0Pk89P0Q9sY4="></latexit>

• DTW-GI 

• Alternate between


• DTW (for a fixed registration)

• Procrustes (for a fixed 

temporal alignment)

http://bit.ly/fair-tav
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Matching Time Series 
DTW with Global Invariances [Vayer et al, ArXiv’20]

x = (•, · · · , •)

<latexit sha1_base64="ioQPxhuhb1iDYqj0Pk89P0Q9sY4="></latexit>

• Application to MoCap data forecasting


• Results

Ours Baseline without 
explicit map (CTW)

Baseline without time 
warping (L2+Proc.)

http://bit.ly/fair-tav
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Matching sets of Time Series 
Domain Adaptation in Time & Space (ongoing)

• Remote Sensing context

• Lots of data but annotations are costly

• Domain Adaptation (DA) is key

25

Brittany

Tarn

Tarn

Brittany

http://bit.ly/fair-tav


R. Tavenard - Matching Structured Data - bit.ly/fair-tav 

DTW
path
⇡(t)

Transport plan
⇡(s)

Matching sets of Time Series

Domain Adaptation in Time & Space (ongoing)

26

<latexit sha1_base64="08Gt74wOHfO9dse3BAfGK2ImsmI="></latexit>

min
⇡(s),⇡(t)

X

i,i0

X

t,t0

d(Xi,t, Yi0,t0)⇡
(s)
i,i0⇡

(t)
t,t0

Optimal Transport plan

Dynamic Time Warping 
path
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Matching sets of Time Series

Domain Adaptation in Time & Space (ongoing)

27
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Matching sets of Time Series

Domain Adaptation in Time & Space (ongoing)

28

No Adaptation CoDATS-WS

MAD (a = 0.001) MAD (a = 0.1)

Latent space visualization 
(MDS)
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Matching sets of Time Series

Domain Adaptation in Time & Space (ongoing)

29
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Conclusion

• Structured data is a great playground!

• Matching-based methods have a role to play


• Links between OT and DTW

• Still a lot to be done


• Software (Python libraries)

• tslearn for time series

• POT for optimal transport


• Find more (incl. code) at 

• rtavenar.github.io/hdr/ (my work)

• rtavenar.github.io/blog/ (intro. to DTW and variants)

30
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